The simple finite Lie superalgebras D(2, 1; α), G(3), D(4, 1), D(2, 2), A(3, 1) and F (4) admit D-module representations, given by a set of differential operators of a single variable t ∈ R, at a critical value of the scaling dimension λ. 
Introduction
The finite one-dimensional superconformal algebras are the simple Lie superalgebras 1-3 G which admit a grading
⊕ G 1 and whose even sector is G even = sl(2) ⊕ R (the subalgebra R is known as R-symmetry). The odd sector (G 1 2 ⊕ G − 1 2 ) is spanned by 2N generators. The positive sector G >0 is isomorphic to the algebra of the supersymmetric quantum mechanics 4 (at fixed N ). Let D, H, K be the sl(2) generators; G 1 (G −1 ) is spanned by H (K), while G 0 = DC ⊕ R. Up to N ≤ 8 we have the following list of finite superconformal algebras over C (for N = 0 we recover the sl(2) algebra): 
(the exceptional simple Lie superalgebras have been underlined). Their associated real forms can be found in [ 5 ] . A D-module rep of sl(2), non-critical since it closes for any µ ∈ C, is given by
(with non-vanishing commutators
In [ 6, 7 ] the extensions of the (2) D-module rep to D-module reps (realized by a set of differential operators of a single variable t ∈ R acting on n even and n odd component fields) for the superconformal algebras with N > 0 were constructed.
They are based on the following two requirements: i) a D-module rep of the G > 0 subalgebra must coincide with a corresponding D-module rep of the global, one dimensional, N -extended supersymmetry (based on For N = 4, 7, 8 the (so far) arbitrary λ is the overall scaling dimension of the global supermultiplet.
The construction of a D-module rep for the one-dimensional superconformal algebras is based on two inputs: a given D-module rep for the global N -extended supersymmetry algebra and the overall scaling dimension λ (entering the sl(2) subalgebra generators) of the supermultiplet.
Once identified these differential operators, there is no guarantee that their (repeated) commutators close producing a D-module rep of a finite superconformal algebra (to be identified). This is the case if a "closure condition" is satisfied. The closure condition means, in particular, that the global supersymmetry generators of the G 1 2 sector belong to a representation of the R-symmetry. In our investigation three possibilities were encountered: i) the closure condition is satisfied for any λ. A D-module rep of a finite superconformal algebra is obtained for any λ, ii) the closure condition is never satisfied, iii) the closure condition is satisfied for a critical value λ = λ cr . The N = 7, 8 critical scaling dimensions are (partially) explained from the decomposition of the supermultiplets into two N = 4 supermultiplets, taking into account the relation between α and λ and the isomorphism D(2, 1; α) ≡ D(2, 1; α ′ ) for α, α ′ related by an S 3 -group transformation. The D-module reps of the finite superconformal algebras allow to con-struct invariant actions (in Lagrangian framework) for superconformal mechanics (e.g., a uniquely defined F (4)-invariant action for the (1, 8, 7 ) supermultiplet is produced, 7,9,10 etc.). For N = 4 the relation between α and λ gives constraints on possible superconformal actions for interacting supermultiplets. In particular an admissible solution is found 7 for α = ϕ, the golden ratio, for the D(2, 1; α)-invariance of the (1, 4, 3) and (3, 4, 1) supermultiplets. 
Therefore superconformal mechanics can be constructed from D-module representations of superconformal algebras. See [ 13 ] and references therein for a recent review on superconformal mechanics and its applications (see also [ 14 ] for a recent paper).
Dual supermultiplets
The 
Conclusions and open problems
The critical D-module representations induce invariant actions in the Lagrangian framework for classical superconformal mechanics. The quantization based on the functional approach via path integral is also naturally encoded. The superconformal invariance of the measure requires considering dually related supermultiplets leading to sigma-model actions with double target manifolds.
Several open questions, inspired by an operatorial quantization approach, can be raised. We are listing here a few of them.
A D-module rep induces a specific lowest weight representation (there exists a l. w. vector |w > s.t. H|w >= 0 and Q i |w >= 0 for i = 1, . . . , N ) at the critical scaling dimension λ. Are the l.w.r.'s induced by a D-module rep unitary for some given real form of the d = 1 SCA? Furthermore, is there an intrinsic, representation-theoretical characterization, to single out a l.w.r. induced by a D-module, from a generic l.w.r. of the corresponding superalgebra?
It seems possible that unitary l.w.r.'s which are not induced by a Dmodule rep could define a quantum mechanics which does not admit a classical counterpart and a Lagrangian description.
